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1 Introduction

Researchers and participants in the market for securities have long been interested in the
costs of transacting and the notion of liquidity as a performance measure of market structure.
Corporations rely on these insights as they engage in large transactions that will affect prices except
in the special situation where demand curves for securities are perfectly elastic. In real world capital
markets, investors and corporations generally do not expect to transact at fundamental value.
Rather, market participants face some degree of illiquidity, where they must sacrifice price, trade
size, or speed of execution, forcing them to transact at prices away from fundamental value. The
magnitude of this wedge as a function order quantity—the price of liquidity—is unknown. Despite
widespread interest, a useful characterization of transaction prices for securities has been elusive.

This paper develops a parsimonious model of the price of liquidity via the pricing of limit
orders. Limit orders are essentially American-type options, offering the right to trade up to a
fixed quantity at a constant price for some period. The use of limit orders as a means of offering
trade is common across many different markets, and their value is a natural measure of the cost
of transacting.! Our model allows us to analytically characterize the schedule of price concessions
at different transaction sizes for an investor desiring immediate execution—the quantity structure of
immediacy prices—by exploiting the optimal early exercise conditions of the limit order. We find
that our option-based model can describe many of the known properties of transaction costs and
provides a convenient method for estimating the price of liquidity.

Liquidity has three important dimensions: price, quantity, and immediacy. A market is
considered liquid if an investor can quickly execute a significant quantity at a price near fundamental
value. In the limiting case of infinite liquidity, a perfect capital market is reached, where investors
can instantaneously transact any quantity at precisely the security’s fundamental value. While
this idealized description of capital markets may be appropriate in many settings, there are surely
situations where it is inaccurate.

An inherent friction that limits liquidity in capital markets is the asynchronous arrival of

"When a prospective buyer makes an offer to purchase up to a specific quantity at a specific price, the buyer
is effectively submitting a limit order. Limit order is the name given to this type of transaction offer in financial
markets, but the mechanism is common in many other markets. Therefore, even in markets without a formalized
limit order structure, many transaction mechanisms can be viewed as limit orders.



buyers and sellers, each demanding relatively quick transactions. Grossman and Miller (1988)
argue that the demand for immediacy in capital markets is both urgent and sustained.? This
creates a role for an intermediary, or market maker, who supplies liquidity by standing ready to
transact when order imbalances arise (Demsetz (1968)). The market maker’s charge for providing
immediacy services represents a potentially important component of transaction costs. There is a
large literature exploring the nature of these costs, largely focusing on the market maker’s marginal
cost of holding inventory (see for example, Stoll (1978) and Ho and Stoll (1980)). Recent research
shifts focus to the costs of adverse selection in market making, which arise when investors have
access to information that is not yet reflected in the price.®> A common approach in the transaction
cost literature is to make an auxiliary assumption of perfect competition in market making, so that
the price of immediacy can be determined as the marginal cost of market making. In contrast, we
assume imperfect competition in market making, allowing a single market maker to have exclusive
rights to be continually present in the market for the security. The privileged position of the
market maker, combined with the asynchronous arrival of immediacy demanding buyers and sellers,
gives him some pricing power in setting transaction prices (or immediacy prices). The degree of
pricing power is determined by the intensity of order arrivals, and collapses to zero, as in perfect
competition, when arrival rates are infinite.

We develop a partial equilibrium model to study transaction costs from the perspective of
an impatient individual seeking to transact () units of a security. The individual can always trade
via a standardized limit order, and when available, at the prices bid and asked by a market maker.
In the spirit of individual portfolio choice problems, we assume that the fundamental value process
and the arrival of other investors are unaffected by the individual’s trading decisions.

A request to transact via limit order is essentially equivalent to writing an American option.
For example, consider a seller placing a limit order. The seller can be viewed as offering the
right to buy at a specific price at some point prior to an expiration date. This is effectively an
American call option, requiring delivery of the underlying block of shares upon execution. Similarly,

a request to buy is like an American put option. Unlike a typical option contract, the offer is

?Empirical evidence on order submission strategies generally supports this view (e.g. Bacidore, Battalio, and
Jennings (2001); Werner (2003); He, Odders-White, and Ready (2006)).

*Bagehot (1971) was one of the first to consider the role of information in determining transaction costs in a
capital market setting. Copeland and Galai (1983), Glosten and Milgrom (1985), and Kyle (1985) are important
early models of the information component of transaction costs. See O’Hara (2004) for an overview of these models.



available to many counterparties, being extinguished as others transact against it or upon maturity.
From the individual’s perspective, the relevant potential counterparties are other individuals with
liquidity demands as well as specialized liquidity providers, simply labeled here as market makers.?
Therefore, the market structure, including the existence and competitiveness of the market making
function, determines the early exercise policy of an American-type limit order.

The notion that limit orders can be viewed as contingent claims is not new (see Copeland
and Galai (1983) for a specific option-based model of prices bid and asked by a market maker;
and Harris (2003) for general examples).” The major innovation in this paper involves using
the contingent claims approach to determine the prices of buy and sell transactions. To ensure
immediate execution, the initiator of a transaction offer (the option writer) must offer a price at
which it is currently optimal for the receiver of the transaction offer (the option owner) to exercise
the option early. These strike prices, where immediate exercise is optimal, represent immediately
transactable prices, and therefore are functionally equivalent to the prices bid and asked by the
market maker.

We find that the option-based model of limit orders captures many important features of
capital market transaction prices. The model points to the competitiveness of market making as a
potentially important driver of transaction costs. In the case of a monopolist market maker, bid-ask
spreads are increasing in the volatility of fundamental value, and in the level and persistence of order
imbalances. Additionally, the model predicts that liquidity prices are nonlinear concave functions of
transaction size. An attractive feature of the model is that the resulting formula for liquidity prices
is a function of variables that can be estimated relatively easily. Calibration exercises demonstrate
how the model can be used to estimate the quantity structure of transaction prices for individual
securities, including very large transactions like corporate issues and takeovers. For example, using
data through 2004, we estimate that a 1,000 share order in Philip Morris (Altria; MO) will cost
2bps; a 10,000 share order will cost 7bps, and immediately buying all shares outstanding will cost
22.6%.

The remainder of the paper is organized as follows. Section 2 describes the model. Section

*The function of providing immediacy is performed by whoever is currently available and paying attention. This
may be an actual market maker, a dealer, a specialist, a “local" at the CBOT, day-trader, etc. We label all of these
investor types, market makers.

>Longstaff (1995) uses an options-based framework to explore the cost of marketability at various horizons for an
individual with perfect market timing.



3 discusses the properties of the quantity structure of immediacy prices. Section 4 proposes a
method for implementing the model and suggests some empirical applications. Section 5 extends
the basic model to allow two-states of market conditions via a regime switch, and introduces finite
duration limit orders. Section 6 discusses liquidity in capital market transactions, and Section 7

concludes.

2 The Pricing of Limit Orders

A common feature of transaction offers across many markets is that they pre-specify price
and quantity, and remain available for some potentially unknown amount of time. In financial
markets, these offers are referred to as limit orders. So long as the value of the underlying asset can
change over the life of the offer, viewing offers of this type as options is reasonable. The value of
this option is naturally interpretable as a cost of transacting, since it represents the value foregone
to obtain the desired execution terms. In particular, a limit order to sell (buy) @ shares at price
K, gives arriving buyers (sellers) the right to purchase (sell) at a pre-specified limit price at some
point prior to the expiration date of the limit order, and is therefore like an American call (put)
option, with the @-share block of the security acting as the underlying. By placing a limit order,
the trade initiator can be viewed as surrendering an American call (put) option on the desired
quantity of the underlying to the remaining market participants. Although the offer is potentially
available to many counterparties, it is extinguished as soon as anyone exercises it or upon maturity.
The option writer receives liquidity when the limit order is exercised. From the perspective of
someone evaluating whether or not to exercise the option, the important considerations are their
own liquidity demands and the potential for competition from other market participants.

The value of the limit order and its optimal exercise policy depend crucially on three factors:
(1) the arrival rate of shares eligible for execution against the order; (2) the evolution of the
fundamental value of the underlying security or basket of securities; and (3) the structure of the
market. Because these factors are likely to have complex dynamics in reality, our model is best
interpreted as a reduced-form characterization of transaction costs.

The challenge is to specify a suitable market structure that allows the demand and supply

of immediacy to be isolated. Generally, each party to a trade is both demanding and supplying



immediacy to some extent. To simplify, we assume that the limit order writer (the trade initiator) is
impatient and demands immediate execution. In order to have the limit order filled instantaneously,
he must write an option that is sufficiently deep in-the-money to make immediate exercise optimal.
Although the option is available to both the market maker and opposing order flow, only the
market maker can be relied upon to supply immediacy at any given time because order flow arrives
stochastically. For the market maker, the threat of losing the order to opposing order flow acts like
a stochastic dividend on the underlying block of shares, creating an incentive for the market maker
to exercise the option early.

An attractive feature of this setup is that limit prices for which immediate exercise is
optimal represent instantaneously transactable prices, and therefore are functionally equivalent to
the prices bid and asked by a market maker. This allows us to characterize the generally unobserved
bid and ask prices for large quantities (i.e. larger than the quantity posted at the best bid and ask).
Moreover, the option-based model of transaction prices inherits the properties of ordinary options.
The two drivers of transaction costs for any given quantity are the fundamental volatility and the
effective option maturity, which is determined by the order flow arrival rate. A quantity structure
of instantaneously transactable prices arises because larger trade sizes require the trade initiator

to write options with longer effective maturities.

2.1 A Reduced Form Model of Transaction Costs

To develop a model of transaction costs, we adopt a partial equilibrium framework similar in
spirit to the one used for studying individual portfolio choice (Merton (1969, 1971)). In particular,

we impose the following market structure and initial assumptions:

A1l. Fundamental value is observed by all participants, and is the value at which the security
would trade in a competitive capital market. It represents the outcome of the rational expec-
tations equilibrium price formation process in a market with asymmetrically- (Wang (1993))
or heterogeneously-informed investors (He and Wang (1995)). The dynamics for fundamental

value, V;, can be described by a diffusion-type stochastic process:

dv;
7; = adt + odZ;



where « is the instantaneous expected rate of return on fundamental value; o2 is the instan-
taneous variance of the return on fundamental value; and dZ; is a standard Gauss-Wiener

process.

A2. The price formation process giving rise to fundamental value, V;, pins down the price of risk,

vy, for exposure to the shocks dZ;, and implies a pricing kernel of the form:

A vy dZ; (1)
Ay

where r is the instantaneous riskless rate and vy, = . If markets are incomplete, this

pricing kernel will not be the unique kernel of the economy, but it will be the unique kernel
in the span of dZ;, allowing us to price any asset whose value is exposed only to innovations

in dZt

A3. The market for a security is organized around a single market maker, who acts both as an
intermediary, facilitating trades between third parties; and as an agent, filling outstanding
orders from his inventory. The trading mechanism (game) facing a party interested in buying
(selling) Q shares is as follows. In the first stage, the trader observes whether an imbalance
exists; if there is a sell (buy) imbalance of ¢ shares, that quantity of the trade is crossed at
fundamental value. In the second stage, the trader submits a buy (sell) limit order to the
market maker for the residual quantity, @) = Q — ¢, who can either fill the order, or include it
in the next round of trading. If there is a sell (buy) imbalance of @ shares in the next round,

the order is filled, and so on.

A4. The instantaneous probability of observing a buy (sell) imbalance of @) shares during the
next instant is given by AZ(Q)dt (A¥(Q)dt). Given this assumption, the expected time to

the completion of a @-share limit order to sell (buy) is distributed exponentially with mean

v (v@)”

To preserve tractability and abstract from modeling the evolution of the limit order book,

we focus on the special case in which all limit order traders have zero patience and only place

®The A parameters can alternatively be interpreted as search intensities for eligible counterparties, in the spirit of
Duffie, Garleanu and Pedersen (2005) or Vayanos and Wang (2002).



orders that are immediately exercisable by a profit maximizing market maker.” In order to obtain
immediacy, an impatient limit order trader must set the limit price, K, such that the option
embedded in the order is sufficiently in-the-money to make immediate exercise optimal. In general,
the schedule of limit prices guaranteeing immediacy will depend on the factors determining the
value of the option: the riskless rate, r; the volatility of the underlying, o; and the arrival rate
of opposing order flow, \(-), which itself is a function of the order quantity, Q. We will denote
the schedules of immediacy prices for @Q-share sell and buy limit orders by, Kp(Q,7 = 0) and
K4(Q, T = 0), respectively, with the spreads between fundamental value and these prices having
the interpretation of the price of liquidity.® These schedules represent prices at which transactions

can take place instantaneously and are functionally equivalent to immediacy prices.

Proposition 1 The strike price at which it is optimal to immediately exercise a sell (buy) limit

order for Q) shares determines the effective bid (ask) price for @ shares.

In our baseline specification we assume that limit orders are not subject to cancellation
by the limit order writer. This implies that the limit order option is perpetual, albeit subject to
a stochastic liquidating dividend (A4) in the form of order execution.” The main virtues of the
perpetual limit order feature are its analytical tractability and the fact that it provides an upper
bound to immediacy costs. Since the value of the American option implicit in the limit order is
monotonically increasing in time, a limit order writer forced to trade in perpetual limit orders is
effectively surrendering options with the highest possible time value. Consequently, immediacy
costs are maximized. In Section 5 we relax this assumption and consider limit orders subject to
random cancellation by the limit order writer, as well as, finite duration limit orders. We find that
the qualitative predictions of the model are unaltered.

The presence of the liquidating dividend (A4) is crucial in that it makes an early exercise
strategy for the monopolist market maker optimal and facilitates the interpretation of option exer-

cise as liquidity provision. The particular structure of the dividend process, controlled by a Poisson

"Grossman and Miller (1988) argue that there is high demand for immediacy in capital markets. Empirically
evidence supports this view. Bacidore, Battalio and Jennings (2001) and Werner (2003) report that between 37-47%
of all orders submitted on the NYSE are liquidity demanding orders, comprised of market orders or marketable limit
orders.

8The investor’s patience level, 7 = 0, is included to emphasize that immediacy is being demanded.

Tt is important to keep in mind that observationally all limit orders will have finite lifetimes due to the presence
of the liquidating dividend.



random variable with a quantity-dependent arrival intensity, is chosen for analytical tractability.
In particular, the memoryless feature of the inter-arrival process preserves the time-stationary fea-
ture of the perpetual option valuation problem. This allows us to intuit that the optimal exercise
boundary will be a barrier rule, which optimally trades off the preservation of the time-value of the
option with the adverse consequences of the dividend.

This structure for the liquidating dividend implicitly assumes that limit orders are only
subject to one-shot execution—there is no possibility for a limit order to be filled by a sequence
of partial fills. The execution of the limit order is simply controlled by innovations to a Poisson
counter. This has the added attraction that the mean inter-arrival time of opposing orders of size
Q, %, can be readily calibrated from empirical signed order flow data. Although the simplicity
of this limit order execution process can obviously be challenged, relaxing this assumption can only
be accomplished at the expense of analytical tractability. Numerical simulations show that the
pricing of limit orders under a more sophisticated order flow process allowing for partial fills, yields
results which are qualitatively indistinguishable from those obtained under the analytical model.'?
Under the augmented specification used for the numerical simulation the random maturity of the
finite-lived limit order option is determined by the joint dynamics of order imbalance, Ny, and
fundamental value, V;. These dynamics imply a time-varying instantaneous survival probability
for the limit order and lead to a distribution of the times to completion that is not analytically
tractable. In turn, it is not possible to obtain a closed-form expression for the value of the limit

order option or its optimal early exercise rule, a feature which is shared by most American-type

'""The numerical simulation replaces assumption (A4) with the following specification for the market order flow
process:

A4a. Asynchronous investor arrivals into the market place can be described by a residual order flow process repre-
senting excess demand at fundamental value and is assumed to follow a simple mean-reverting process:

dNt = /-;(9— Nt)dt—F"}/dXt

where N; denotes the instantaneous arrival rate of buys (sells); 6 is the equilibrium arrival rate for orders; &
is a constant governing the rate of mean reversion; v2 is the instantaneous variance of the order arrival rate;
and dX; is a standard Gauss-Weiner process (assumed to be uncorrelated with dZ;).

Ad4b. Limit orders to sell (buy) are transacted against by positive excess demand if fundamental value is greater
(less) than or equal to the limit price until the quantity remaining is zero or the limit order is canceled. The
quantity outstanding for a sell limit order evolves according to the rule:

dQ. = —Njdt

Nf o — min(Q¢, max(0, Ny)) if V; > K
t 0 otherwise



options.

2.2 Model Solution

Under assumptions A1-A4, the value of the (Q-share limit order with a strike price K,

L(V;,Q, K,t), can be shown to satisfy the following ordinary differential equation (ODE):
1 )
Lr-(rFgy) + iLFF (0Fg)? = (r+A(Q)-L=0

where subscripts are used to denote partial derivatives and F; = @ -V; represents the fundamental
value of the underlying block of shares. This ODE is solved subject to three boundary conditions.
The first boundary condition is determined by the asymptotic behavior of the value of limit order
as a function of Fg;, and the second pair of conditions arises from the value matching and smooth
pasting at the optimal early exercise threshold. The equidimensional structure of the ODE suggests

that the solution will be a linear combination of power functions in Fg; with exponents given by:

b (V) = <;O)i\/<ég>+2(‘z)‘(@))

Economic intuition allows us to exclude one of the two roots in both the case of a sell limit

order and a buy limit order. In particular, since the value of a sell (buy) limit order is increasing
(decreasing) in Fg we can exclude the negative (positive) root. Finally, to pin down the value of
the constant of integration we make use of the fact that the optimal exercise rule for the option is a
barrier rule. Consequently, the value of the limit order at optimal exercise is given by @ - (V;* — K)
for a sell limit order and @ - (K — V**), where V;* and V;** are the optimal exercise thresholds for
sell and buy limit orders, respectively. The expressions for the values of the limit orders and the

associated optimal exercise thresholds are collected in the following proposition.

Proposition 2 The value of a Q-share sell limit order is given by:

¢ (AP)
S _ QK . ¢+()‘B)_1 E *
L (%aQ?Kvt)_¢+()\B)_1 ( ¢+()\B) K) V;f<‘/t

and it is optimal for the market maker to exercise the implicit call option whenever fundamental



9. (AP)

value reaches the threshold V* = K - ( ) from below. The value of Q-share buy limit order

¢ (AP)-1
18 given by:
ok (o091 1\
LP(V,Q, K, t) = = - Vi >V
1—¢ (M) \ ¢o.(19) K '

and it is optimal for the market maker to exercise the implicit put option whenever fundamental

S
value reaches the threshold Vi = K - (%) from above.

In order to induce immediate exercise of a sell (buy) limit order, the limit price (i.e. the
option strike price) has to be set such that the prevailing fundamental value, V;, is exactly equal
to V;* (V;**), making it optimal for the market maker to exercise the order instantaneously. The
analytical expressions for the immediacy prices depend on the order quantity, @, through ¢ +()\B )

and ¢_(A\%) and are summarized below.

Proposition 3 The bid, Kp(Q,™ =0), and ask, K4(Q,T = 0), prices are given by:

S T O ek
Bp@7=0) = Vi ( 6, (\F) ) )

Sy
Kx(@r=0) = v(%) Q)

and 1mply that the percentage immediacy costs for sales and purchases are given by:

Kp(@r=0-V, 1

Z T o0 W
Ka(@r=0)-V,

Vi (X9 )

2.3 Discussion

The reduced-form model in Section 2.1 is simple, but delivers predictions that appear to
be reasonably consistent with real world transaction prices. The necessary ingredients for the
nonlinear quantity structure of transaction prices are (1) the limit order has a fixed strike price and
can remain outstanding for a sufficiently long period that fundamental value can change, allowing

the limit order to be interpreted as an option; and (2) the market is structured such that the

10



market maker is a monopolist in the instantaneous supply of immediacy, competing with opposing
order flow only when present. This accomplishes two things. First, the market maker is effectively
granted ownership of the option. Second, the threat of loss to opposing order flow acts like a
stochastic dividend, creating an incentive for the market maker to exercise the option early. In
the interest of producing a simple closed-form solution, we consider a perpetual American option
with a Poisson liquidating dividend. The specific form of the dividend and the perpetual nature
of the option are chosen for mathematical tractability, and can be relaxed considerably, as shown

in Section 5.

3 The Quantity Structure of Immediacy Prices

Immediacy is the limiting case, when patience goes to zero. The model imposes this condi-
tion to produce a quantity structure of instantaneously transactable prices-immediacy prices. At
each point in time, the market maker stands ready to provide liquidity—the joint supply of quantity
and immediacy. In the model, the two primary drivers of immediacy prices are the volatility of
fundamental value and the time rate of arrivals of opposing order flow. Matching intuition, the
model predicts that bid-ask spreads are increasing in fundamental volatility and that there are
economies of scale in transactions.

Before it is possible to illustrate the above results graphically, it is necessary to pre-specify

the dependence between quantity and the order arrival intensity, or equivalently, the order arrival

1
Q)

and @, with the coefficient of proportionality corresponding to the expected arrival time of a single

time. Driven by empirical observations, we assume a simple proportional structure between

share. Using this auxiliary assumption, Figure 1 graphs the schedule of percentage immediacy
prices, (4) and (5), as a function of order quantity. In particular, we assume the annual volatility
of fundamental value is 15% or 35%, the riskfree rate of interest is 5% per year, and that orders
arrive at a rate of one share per second.

Figure 1 shows that immediacy prices are nonlinear functions of the transaction size. Using
the above definition of liquidity cost, these costs are increasing and concave in transaction size.
This is in contrast to most information-based models of liquidity, which typically produce constant

marginal costs, or linear price functions of quantity (for example, Kyle (1985)).

11



3.1 Effect of Order Flow Arrival Rates

Demsetz (1968) argues that it is reasonable to expect scale economies in transactions. As
order flow arrival rates for a security increase, the waiting times for transaction execution in that
security decrease. In the limiting case of infinite arrival rates, waiting times go to zero. In the more
typical case of finite arrivals, the waiting time of a transaction can make up a significant portion of
the total transaction cost. When investors demand immediacy, the waiting time can be transferred
to the market maker (or marginal supplier of liquidity) who specializes in providing this service,
but the waiting time cannot be eliminated.

The key friction in the model is that order flow arrivals are finite, which gives rise to
a positive waiting time for transaction execution. In the model, there is a direct mapping of
waiting times to option maturity. The time rate of arrivals of opposing order flow determines the
expected waiting time of any given order, which in turn, determines the distribution of maturities
of the options written by those demanding immediacy. Option values are generally increasing in
their time-to-maturity, and this comparative static of option values flows through to the optimal
immediate exercise strike price. In the limiting case, when arrivals are infinite, the waiting time
is zero. The options written by the transaction initiator have zero time-to-maturity, and therefore
have zero value. In this case, the bid-ask spread collapses and traders can buy and sell as much
as they desire at fundamental value. However, the waiting time is generally positive, which gives
positive option value to the provider of immediate transactions.

This intuition is formally captured in expressions (4) and (5). First and foremost, as the
arrival rate of order flow eligible for execution against the outstanding limit order, \’(-), increases,
the market maker faces more competition from order flow and the percentage immediacy costs
decline. In the perfectly liquid market, )\l() — 00, the market maker possesses no pricing power
and the costs of immediacy collapse to zero. Conversely, as competition from exogenous order
flow declines, )\z() — 0, the market becomes progressively more illiquid, allowing the monopolist
market maker to charge a wider bid-ask spread to counterparties seeking immediacy. When trading
by other market participants ceases altogether, )\’() = 0, the market maker is the sole provider of
liquidity, and the asset market breaks down completely. The value of the sell limit order converges

to the value of the underlying, V4, implying that, in order to obtain immediacy, the seller must part

12



with the asset at a zero price. Intuitively, in this scenario, the market is a pure monopoly in which
the market maker captures the entire surplus. On the other hand, buy transactions still remain
possible, but only at significant premia to fundamental value. In the limiting case when )\Z() =0,
the smallest percentage premium to fundamental value guaranteeing immediate execution is given
by g—i

Figure 2 displays the immediacy prices for fixed transaction sizes as a function of the
expected arrival time of one share, or equivalently, the order flow arrival rate. In general, immediacy
prices do not equal fundamental value. As order flow arrival rates increase, expected waiting times
shrink, and the bid and ask prices converge towards fundamental value. The increase in efficiency is
largest when arrival rates begin low and increase. The figure shows a changing rate of convergence in
immediacy prices towards fundamental value—initially very fast at low arrival rates, then becoming

more gradual as arrival rates increase.

3.2 Effect of Fundamental Volatility

In our model, immediacy prices offered by the market maker deviate farther from funda-
mental value as the volatility of fundamental value increases, for any given quantity (an illustration
is presented in Figure 1). This is a direct consequence of the option-based approach. Option values
are increasing in volatility, and this property flows through to the strike price at which immediate
exercise is optimal. The more valuable the option’s value, the larger the distance must be between
the strike price and fundamental value for the market maker to exercise immediately. In particular,
in the limit as ¢ — oo, the value of a ()-share sell limit order with a limit price of K approaches
@ times the fundamental value. A similar buy limit order approaches ) times the limit price.
Because immediate exercise requires that the limit order writer give the market maker an option
that is in-the-money, the percentage immediacy cost for sell orders goes to 100%. Buy limit orders,
on the other hand, are never executed. Conversely, in the absence of any price risk, i.e. when the
volatility of fundamental value is zero (o = 0), the options implicit in the order flow have no value,

so no premium is required to induce the market maker to exercise immediately.
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3.3 Liquidity Events

The analytical model presented in Section 2 allows us to examine how shocks to the ar-
rival rate of buy/sell orders and the fundamental value of the underlying may compound during
a liquidity crisis to affect immediacy prices. The arrival rate of buy (sell) orders will determine
the expected maturity of the options written by a seller (buyer) demanding immediacy. Therefore,
from the seller’s (buyer’s) perspective, a liquidity crisis is likely to involve a significant decrease
in the current time rate of buy (sell) order arrivals, relative to the equilibrium rate. This asym-
metry in arrival rates may become more severe if the current time rate of sell order arrivals also
increases. This captures the notion that a liquidity crisis involves some sort of order imbalance. As
a consequence of a temporary order imbalance a significant asymmetry in buy and sell immediacy
prices may emerge at all quantities, causing the midpoint of the bid-ask spread to become a biased
estimator of the fundamental value.

Figure 3 displays the effects of an order imbalance on the quantity structure of immediacy
prices. In particular, the figure assumes that the current rate of sell order arrivals increases fivefold,
while the current rate of buy order arrivals falls by this factor. This represents a major "running
for the exit" in the security. Immediacy prices for buyers become much more elastic, such that an
investor wishing to buy can now immediately transact very large quantities at a price much closer
to fundamental value. However, investors wishing to sell immediately must pay a large premium,
even for relatively small quantities. In other words, the immediacy prices facing sellers are now less
elastic at all quantities.

Figure 3 also displays immediacy prices in the case when an order imbalance coincides with
an increase in fundamental volatility. The increased volatility offsets the reduced waiting time for
buy orders, attenuating the increased elasticity of immediacy ask prices slightly. On the other
hand, the higher volatility further increases the premium for immediacy for sellers, making prices

even less elastic at all quantities.
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4 Empirical Calibration

In this section we propose some empirical calibration schemes for implementing the model
introduced in Section 2, and examine the resulting model-based predictions for immediacy prices.
Calibrating our model requires the estimation of three parameters: the riskless rate, r; the volatility
of fundamental value, o; and the arrival rate of price insensitive order flow, \(Q). Obtaining values
for the first two parameters is simple and only requires the use of daily data. An estimate for the
riskless rate can be readily obtained from data on the 30-day Treasury bill, available from CRSP
and the Federal Reserve. Similarly, the volatility of fundamental value, o, can be obtained by using
the volatility of daily returns, available from CRSP. Estimation of the quantity-dependent order
arrival rates, AZ(Q) and A\°(Q), is only slightly more demanding in that it requires transaction

level (Trade and Quote, TAQ) data.

4.1 Estimating \'(Q)

The estimation of the order arrival rates and their quantity dependence proceeds in two
steps. In the first step, the transaction level data is signed into buyer- and seller-initiated trades.
We accomplish this by utilizing the Lee and Ready (1991) tick-signing algorithm. Under this tick-
signing scheme, trades occurring at prices above (below) the prevailing midquote are considered
to be buyer-initiated (seller-initiated). In the second step, we use the time-series of the the signed
order flow to obtain an estimate of the order arrival rates. Here, we exploit the fact that the
order arrival intensity, )\i(Q), is simply the inverse of the mean interarrival time between ()-share

increments in the signed order flow. In turn, examining the mean interarrival times for @)-share

_1

N ()’ which can

blocks of buys and sells, as a function of @), provides a non-parametric estimate of
be inverted to obtain \(Q).
Casual examination of the functional relationship between the mean interarrival times and

demanded quantity indicates that a proportional relationship is reasonable. This form of relation

is expected whenever the arrival rate for buy (sell) volume is constant.!! Mathematically, the

"'This result suggests that the measured arrival rates of buy and sell orders are constant after re-scaling business
time by signed volume. It does not indicate that the arrival rates of individual buy and sell transactions are constant.
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observed relation indicates that:

The coefficient of proportionality, is simply the mean waiting time for the arrival of one share

1
N1’
of buy (sell) volume.'? It can be estimated through two simple methods. Under the naive method,
one simply takes the total realized buy (sell) volume and divides it by the total amount of time
that has elapsed (e.g. in seconds), to obtain a (e.g. per second) arrival rate of buy (sell) volume.
Alternatively, one estimates an OLS regression of the sample mean interarrival times of @)-share
blocks of signed volume as a function of ). Figure 4 plots the in-sample relation between the mean
inter-arrival times as a function of quantity, @, for Altria (ticker: MO) using signed order flow data
from 2004. The left two panels present the buy arrival rates, and the right two panels display the
sell arrival rates; the top panels are plotted in the natural scale, while the bottom panels use log
scales. The plot confirms that expected waiting times are proportional to size and that this relation
holds over a wide range of order magnitudes. Moreover, the fitted relation obtained using the OLS
estimated slope parameters and the naive parameter estimate, obtained by simply dividing total
order flow by total elapsed time, are quite similar. In the case of Altria the OLS implied per second
order arrival rates are ;\B(l) = 105.45 and 5\5(1) = 101.70, whereas their naive counterparts are
A7 (1) = 105.65 and 5\3(1) = 96.35. Because these parameter estimates are relatively similar, we

use the naive estimator in what follows.

4.2 Estimated Quantity Structures of Immediacy Prices

Figure 5 plots the calibrated quantity structures of immediacy prices for four firms: Altria
Group (ticker: MO), Corning (ticker: GLN), Harrahs Entertainment (ticker: HET) and Hecla
Mining (ticker: HL). These firms represent a varied sample in terms of the estimated fundamental
volatility and order arrival rates. The wide range of underlying parameters is reflected in the
resulting price of liquidity for the various firms. For example, demanding immediacy on a $10, 000
transaction in Altria requires a 1 basis point concession relative to fundamental value, while the
same transaction in Hecla Mining requires a 16 basis point concession. For a $1,000,000 transaction,

the immediacy costs grow to 9 basis points and 159 basis points, respectively.

12The theoretically predicted intercept of the relationship is zero since the waiting time for zero shares should
trivially be equal to zero.
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The calibrated model also generates reasonable predictions for more extreme capital market
transactions. For example, a cash tender offer can be thought of as a demand for the instantaneous
acquisition of all outstanding shares of the target company. The takeover premia produced by our
model (24% for Altria, 56% for Corning, 18% for Harrahs and 45% for Hecla Mining) are in the
ballpark with those reported in the merger literature.'® In a similar spirit, our model also allows
one to evaluate the liquidity costs of seasoned equity offers. Here, the issuing firm is the liquidity
demanding party and must offer a price concession relative to fundamental value to induce market
participants to absorb the new shares.

In order to gain a sense for the cross-sectional dispersion in the underlying model parameters
and the model implied transaction costs, we compute these values for all NYSE stocks using data
for 2004. Their mean values, by size deciles, are collected in Table 1. There is strong relation
between our liquidity measures and firm size. The smallest firms have relatively low order flow
arrival rates and high volatility, producing large estimated transaction costs. Specifically, the
model estimates the average transaction cost associated with a $100,000 trade in a stock from the
smallest size decile is 1.34%. The estimate is 0.04% for the same trade in a stock from the largest
size decile.

An alternative approach to using our model is to use it as a device for inferring one of the
underlying parameters, in the same spirit that the Black-Scholes formula is used to “back out”
implied volatility. Typically the parameter of interest will be an order arrival rate for which there
may not be enough empirical data for a direct calibration, as may be the case for thinly traded
stocks or bonds. After backing out the implied order arrival rate, the analytical structure of the
model can be used to infer the rest of the quantity structure of immediacy prices. To do this one
simply matches the model predicted immediacy cost to a particular data point for which one has
an ample number of observations, e.g. empirical data on the price impact of the most frequently
observed order quantity. Fixing the fundamental volatility from the daily return series, one can
solve for the implied order arrival rate and use that information to generate the entire, unobserved

quantity structure of immediacy prices.

13 Andrade, Mitchell, and Stafford (2001) report that the median merger premium from 1973 to 1998 is 38%.
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5 Extensions

We consider two extensions to the model presented in Section 2. The first, augments the
option valuation model with regime switching in the volatility of the underlying and the arrival
rates of opposing order flow. The regime-switching feature allows us to formally examine the effect
of changing market conditions on immediacy prices, and to incorporate the non-normality of high-
frequency return data. The second extension relaxes the perpetual option feature of the limit order,
thereby allowing agents to submit limit orders that are subject to random cancellation. We show
that a model with Poisson order cancellation is isomorphic to the baseline model from Section
2, with the order arrival intensity, /\i(Q), augmented by the limit order cancellation intensity, 7.
Lastly, we examine limit orders with an Erlang distributed terminal date. Using an asymptotic
argument in the spirit of Carr (1998), we derive recursive expressions for the value of a limit order
whose maturity date has a degenerate probability distribution with all mass concentrated at a

single future date, T

5.1 Regime Switching in Liquidity and Volatility

Short-lived, but extreme, changes in market conditions have the potential to significantly
affect the cost of liquidity, as is illustrated in Section 3.3. In anticipation of these dislocations,
market makers are likely to rationally adjust the premia (discounts) relative to fundamental value
at which they are willing to provide immediacy. To examine the magnitude of the these effects we
embed the model from Section 2 in a continuous-time Markov chain framework with two states:
a high liquidity state (state h) and a low-liquidity state (state [). State h can be interpreted as
corresponding to the “normal” market conditions, and state [ to a market experiencing a liquidity
crisis (e.g. a flight to quality). The transitions between the two states are governed by a Markov

chain with infinitesimal generator, =:

[
I

Under this regime-switching model, the market is expected to stay in state i for an exponentially

distributed interval of time, with mean duration qi Given our assumption that state h corresponds
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to the “normal” market conditions, and state [ to the comparatively rare, and short-lived, liquidity
crises, we expect g (¢;) to be low (high). To retain the greatest generality, we allow the volatility of
fundamental value to be state dependent, and equal to op and oy, in the high and low liquidity states,
respectively. We set o < oy, to reflect the potentially greater uncertainty about fundamentals
during market crises. In what follows, we focus on the case of the sell limit order, relegating the
symmetric case of a buy limit order to Appendix B.

In the presence of regime-switching, the value of a sell-limit order will be state dependent,
and given by L™ (L%) in the high-liquidity (low-liquidity) state. While the sell limit order retains
the features of a call option, as in Section 2, its underlying is now subject to regime-switching in
volatility and the arrival rate of the liquidating dividend. Because the joint evolution of fundamental
value, V;, and the liquidity state, i € {h,l}, is Markov, it is possible to show that the optimal
exercise rule for this option will be a state-dependent barrier rule.' In state I, the intensity of the
liquidating dividend is lower than in state h (longer effective life of the limit order option) and the
volatility of fundamental volatility is higher. Both of these features increase the value of the limit
order option, and therefore the required inducement to illicit early exercise. Consequently, the
optimal exercise threshold in state [, V;*, will exceed the optimal exercise threshold in state h, V}’.

The two early exercise barriers effectively partition the state space into three regions: (1)
a region in which it is not optimal to fill the limit order independent of the prevailing liquidity
state (0 < V4 < V}¥); (2) a region in which early exercise is only optimal in the high-liquidity state
(Vi <V, < V}*); and (3) a region in which it is optimal to exercise the option independent of the
prevailing liquidity state (V;* < V;). The value of the sell limit order in the third region is simply
Q@ - (Vi — K). The value functions in the first two states are given by the solution to the following
system of ODEs. When V; < V;* the state-dependent limit order value satisfies the following system

of equations:

1

LD (1) + LY - (onFou)? =109 = AP(Q)- (L) —0) + gy - (L) — L)
1

LYY (rFqi) + 5L (@Fqe? = 1Lt = AP(Q)- (LU~ 0) 4 g (LS — L9

2

' A formal proof of the optimality of this exercise rule is provided by Guo and Zhang (2004).
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and when V; € [V;*, V/*] the value functions satisfy:

1
Ly (rFo) + 5L - (@F)? =1L = MF(Q)- (L' )+ q- (L) - Q- (V- K))

L") = Q- (Vi- K)

Appendix B shows that this system of ODEs can be solved in closed-form, yielding our next result.

Proposition 4 The value of a sell limit order subject to regime-switching in the volatility of inno-
vations to fundamental value and the arrival rate of the stochastic liquidating dividend is given by

the following, state-dependent value function:

AsFQ + AdF}, Vi <V
B B
L9 = & S 4 oFS M L u(Fgy) Vi< Vi<V (6)
Q- (Vi — K) ViV

BsFQ, + BaFpY Vi < Vit
Q-Vi—-K) V>V

Lh:5) (7)

with the values of (As, Ay, C1,Ca, V¥, V)*) given by the solution to a system of algebraic equations
provided in Appendixz B. The value of a buy limit order has a symmetric structure and its derivation

is relegated to Appendiz B.

An added benefit of the regime-switching framework is that it allows us to examine the
impact of fat tails in the distribution of the underlying on the pricing and optimal exercise rules
of the limit orders. Although the evolution of fundamental value follows a geometric Brownian
motion conditional on a given state of the Markov chain, the unconditional distribution of returns
is generated by a mixture of normals. This distribution exhibits excess kurtosis, capturing a salient
feature of returns measured at high-frequencies. Consequently, the limit order values and optimal
exercise rules obtained from the regime-switching model can also be interpreted as measuring
the effects of non-normalities in the evolution of fundamental value on the quantity structure of

immediacy prices.
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5.2 Finite Maturity Limit Orders

The baseline model of Section 2 is solved under the assumption that limit order writers
never cancel a submitted order. This feature allows us to treat the limit order option as a perpetual
option, subject to a stochastic liquidating dividend in the form of execution by the opposing order
flow. However, since this assumption is clearly open to challenge, we devote this section to showing
that it can be relaxed considerably without any effect on the qualitative features of the quantity
structure of immediacy prices.

We begin our analysis by considering limit orders that are subject to random cancellation
by the limit order writer, and then turn our attention to limit orders with a finite maturity date.
Although limit orders are de facto unlikely to be canceled at randomly selected times, random
cancellation will be observationally indistinguishable from a deterministic cancellation rule, so long
as the market maker cannot infer this rule. We therefore assume that a limit order is canceled by
the order writer at the N-th arrival time of a Poisson process with intensity n. Under this auxiliary
assumption, the order cancellation time, 7, will have an Erlang distribution with:

77N
P'I”{T S dt} = th_le_ntdt

and the expectation and variance of the cancellation time, 7, will be given by:

Ef =" Varlr) =

=l =

In the base case, when N = 1, the Erlang distribution collapses to an exponential distribution. In
this case it is easy to show that the value of the buy and sell limit orders continues to be given by

the expressions provided in Section 2, but with slightly modified cancellation intensities.

Proposition 5 The value of a sell (buy) limit order that is subject to cancellation by the limit
order writer at the first jump time of a Poisson process with intensity n, is equivalent to the value

of a limit order that is not subject to cancellation, but is subject to a stochastic liquidating dividend

21



arriving at rate :\B(Q) (S\S(Q)), is given by:

AN(@Q) = X(@Q)+n
AQ) = M@ +n

A formal proof of this result can be found in Appendiz C.

The simple isomorphism between limit orders that are not subject to cancellation by the
limit order writer (i.e. perpetual limit orders) and those that are, shows that the qualitative
features of the quantity structure of transaction prices will be unaffected by the introduction of the
cancellation feature.

To establish that our results continue to hold in the case of finite duration limit orders
(i.e. orders that will be cancelled at a future date T"),we exploit the randomization device of Carr
(1998). This mathematical device takes advantage of the scaling of the moments of an Erlang
distributed random variable in the Poisson arrival intensity, n, to synthesize a random variable
with a pre-specified mean and zero variance. To see this, suppose we let n = %, and allow N — oc.
Asymptotically, the moments of the limit order cancellation time, 7, collapse to E[r] — T and
Var[r] — 0. In other words, the limit order is canceled at time 7" with unit probability.

To determine the value of a limit order subject to cancellation at time T, it is therefore
sufficient to determine the value of the limit order subject to Erlang cancellation when n = %,
and N — oo. Under the Erlang cancellation scheme, the value of a limit order will depend on the
fundamental value of the underlying, F¢; the arrival intensity of the opposing order flow, N(Q);
and the number of periods left to the termination of the option, n. Given these assumptions, the
value of the limit order will be given by the solution to the following system of N (n = N...1)
ordinary differential equations:

n 1 n n 7 n n n—
LY - (rFou) + G L - (0Fga)? =7 - L = X(@Q) - (L1 = 0) 47 (L™ — L")

with L(®) = 0 (i.e. the limit order becomes worthless upon cancellation). The terms on the left hand
side of the equality represent the evolution of the limit order value in the absence of jumps, while

the terms on the right hand side represent the probability weighted losses from order exercise by
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oncoming order flow and the passage of time, as measured by the jumps in the Poisson(n) variable.
To solve this system of ODEs we proceed by backwards recursion, starting with state n = 1. The
solution is comprised of a sequence of state-dependent value functions and the associated optimal
early exercise thresholds. A characterization of the complete, recursive solution is given in the

following proposition.

Proposition 6 The value of a sell limit order in state n is given by:

) ¢ (AP) . o_(AP) o\ o mn Y. *
1,(nS) — @0n - Foy o Fo, + (n+AB(Q)) For (r+n+/\B(Q)> QR Viz Vi (8)
B
Bon- Fai ™ + LV < V) Vi< Vi,
(n,S)

where V¥ denotes the optimal early exercise threshold for state n and Ly "' (V, < V,*_;) is an

n=L5) in the continuation region for state

analytical expression related to the value function, L
n — 1. The values for (con,@1n,Bo,, Vi) can be determined by solving a system of equations

provided in the Appendix. The corresponding solution for a buy limit order can be found in Appendiz

C.

It is possible to show that the sequence of optimal exercise thresholds for a sell limit order,

V¥, is increasing in n, reflecting the increasing time-value of the limit order option. Despite the

complexity of the full solution, the form of the value function characterizing the limit order option
in an arbitrary state, n, is closely related to the solution from Section 2. The recursive analytical
solution, combined with numerical solution of the system of equations parameterizing the coeffi-
cients of the value function and optimal exercise threshold, confirms that the quantity structure of
transaction prices (now indexed by state n) retains all the qualitative features examined in Section

3.

6 Liquidity in Capital Market Transactions

Real world markets are less than perfectly liquid, meaning that there is typically a gap
between fundamental value and transaction prices. The price of liquidity, p(Q), measures this
gap. There are many potential reasons for a positive price of liquidity, and a large literature

investigates how this price is determined in equilibrium. Recognizing the unique role of the market
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maker in capital markets, much research focuses on the costs of market making. These costs arise
from market makers’ sub-optimal portfolio holdings and from the adverse selection they face when
trading against informed investors. With a characterization of the market maker’s cost function
and the assumption of perfect competition, transaction costs can be defined: p(Q) = mc(Q).

We approach the pricing of liquidity from a different perspective. Starting with the obser-
vation that limit orders are options, we focus on the valuation of a limit order, L(Q, K). Since limit
orders are common means of trade, their values represent the cost of transacting. Moreover, the
limit price that induces a profit maximizing agent to immediately exercise early, K*(Q), is func-
tionally equivalent to the prices bid and asked by a market maker—immediacy price for Q-units.
Therefore, the price of liquidity can be defined from these values, p(Q) = L(Q, K*) = V; — K*(Q).

The assumption of a monopolistic market maker plays an important role in our model. This
effectively grants ownership of the limit order to the market maker. Competition for the limit order
arrives stochastically from opposing order flow, which from the market maker’s perspective, acts
like a dividend on the underlying block of shares. Our market maker has a monopoly in the right to
“hang around”, while other market participants must take an action and move on. Consequently,
there is competition in the supply of liquidity through time, but instantaneous competition cannot
be guaranteed at all times. In the case of order flow imbalances, the market maker enjoys pricing
power. However, this pricing power diminishes when frequent order flow arrivals discipline the
market maker. As arrival rates increase, transaction prices converge to fundamental value, and the
market is essentially competitive.

The introduction of a competitive market making function alters the pricing of a limit
order through the early exercise rule. An individual placing a limit order in this market structure
expects their limit order to be exercised by opposing order flow, as before, but now also by the
market maker any time the intrinsic value of the option exceeds the marginal cost of the market
maker’s adjustment to inventory, modifying the early exercise boundary, V; — K*(Q) = mc(Q). To
be useful, this requires a characterization of the market maker’s cost function. On the other hand,
if the market maker is a monopolist, we can determine the price of liquidity through the optimal
exercise policy of the limit order, with no explicit knowledge of the market maker’s cost function.

Two simple implications of our basic setup are that market makers are long volatility and
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that they earn profits in the presence of order imbalances. This seems to fit with common intu-
ition and empirical evidence on supplying liquidity. For example, in the price pressure hypothesis
proposed by Scholes (1972), prices can temporarily diverge from their information-efficient values
because of uninformed shifts in excess demand to compensate those that provide liquidity. Me-
chanically, this occurs when prices return to their information-efficient values, presumably over a
short horizon. This should not occur with perfectly competitive market making in the absence of
imperfect information. Our model captures this notion of price pressure through imperfect com-
petition. A market maker is able to extract more rents from a large order imbalance when the
primary source of competition comes from investors with liquidity demands (i.e. the residual order
flow process itself) rather than other market makers. The order imbalance represents a weakening
of competition for the monopoly market maker, allowing him to extract larger rents. In other
words, the investors with common liquidity demands are forced to write options with longer effec-
tive maturities (i.e. more valuable options) when order imbalances grow and/or become somewhat
persistent. A consequence of this type of price pressure is that supplying immediacy in these sit-
uations is profitable. Coval and Stafford (2006) present evidence consistent with impatient order
flow imbalances of either direction significantly affecting transaction prices for relatively long pe-
riods, but eventually reversing once investors’ demand for immediacy subsides. In particular, the
immediacy arises from extreme capital flows to mutual funds, which can lead to order imbalances
when many specialized funds, facing concurrent capital flows, have highly overlapping portfolios.
Those who provide liquidity in these periods appear to earn significantly positive abnormal returns,
consistent with the notion that competition in the provision of immediacy in these situations is less
than perfectly competitive.

Another implication of the option-based framework is that idiosyncratic risk may play an
important role in equilibrium asset pricing. In the model, transaction prices are generally not equal
to fundamental value, but instead are the optimal exercise prices of call and put options. The
optimal exercise prices of these options share the comparative static properties of option values,
with respect to volatility. Option values are increasing in total volatility, with no distinction made
between systematic or non-systematic risk. As such, the model predicts that the transaction prices

we observe in real world markets will be influenced by non-systematic risk.
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In a recent paper, Spiegel and Wang (2005) regress various liquidity measures on idiosyn-
cratic risk (essentially residual variance from FF 3-factor model) and find a strong negative relation.
Moreover, they find that in a cross-sectional analysis of returns, controlling for both idiosyncratic
risk and various liquidity measures, that only the idiosyncratic risk has significant explanatory
power. Our model produces a new functional relation between volatility and liquidity that may

help explain this result.

7 Conclusion

This paper develops a model of instantaneously transactable prices as a function of trans-
action quantity through the pricing of limit orders. The quantity structure of immediacy prices
represents the effective bid/ask price for various transaction sizes, and is derived as the limit prices
that induce immediate early exercise of American-type limit orders. The market maker’s early exer-
cise policy is dependent on the competitiveness of the market making function. When competition
in market making is imperfect, the option-based model of immediacy prices identifies the level and
persistence of order imbalances and the volatility of the security as the key drivers of transaction
costs.

Interestingly, our model with full-information, but imperfect market making, is able to
qualitatively reproduce many of the properties of transaction costs that emerge from traditional
models of costly market making. An attractive feature of the option-based framework is that the
model can be estimated as a function of relatively observable variables. We propose a method for
implementing the model using forecasts of volatility and order flow. Additionally, the predictions
of the model can be tested with these data.

Finally, the model may also be a useful step towards a new measure of liquidity risk. The
uncertainty over transactable prices, relative to fundamental value, produces a liquidity risk. As
such, the time series variation of the price of liquidity is a natural measure of liquidity risk. This
suggests extending the baseline model to incorporate time-varying arrivals and exploring the time

dynamics of the resulting quantity structure of immediacy prices.
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A Pricing Limit Orders

We consider the pricing of limit orders under the following assumptions:

1. Al: Limit Order. The sell (buy) limit order is issued with a limit price of K, where K should be interpreted as
a minimum price an agent is willing to accept per share. By placing a sell (buy) limit order the limit order writer
effectively gives the other market participants a call (put) option. The value of this option provides a natural measure
of liquidity costs.

2. A2: Pricing Kernel and Fundamental Value. The economy is equipped with a pricing kernel of the form:

A g —baz (1)
At

where § = #=". The fundamental value of a share to be acquired (sold) follows:

dVi = pVidt + oVidZ (2)

and is assumed to be common knowledge in the economy.

3. A3: Fill Dynamics. The probability that a @-share sell (buy) limit order is executed by the oncoming flow of buy
(sell) market orders over an interval dt is given by AZ(Q) (A\°(Q)). The arrival intensities of price-insensitive order flow
are assumed to be constant over time, but quantity dependent reflecting the fact that the expected completion times for
limit orders is a function of the order quantity, ). Under the above assumptions, the cumulative survival probability
for the time interval (t, T), i.e. the probability that the limit order is not filled during this interval, is given by:

7(t,T) = exp {— /tT )\i(Q)ds} (3)

The value of the limit order at time ¢, L(-), is uniquely determined by the prevailing fundamental value, P, the instan-
taneous arrival rate of opposing, price-insensitive order flow, A*(Q), and the demanded quantity, @. At any point in time, we
allow for one of three possible events to occur:

1. The market maker fills the Q-share limit order in its entirety (i.e. we do not allow the market maker to deliver partial
fills to the sell limit order writer). Should the market maker decide to execute the sell (buy) limit order at time ¢, he
will realize a payoff of @ - (V; — K) from a sell limit order and @ - (K — V;) from a buy limit order. Clearly, since the
sell (buy) limit order confers a right and not an obligation to acquire (sell) @ shares of a limited liability asset at price
K, the value of the problem is bounded below by zero and it will never be optimal to exercise a sell (buy) limit order
when it is out-of-the-money, V; < K (V; > K).

2. The sell (buy) limit order is left unfilled by the market maker but is filled in its entirety by the oncoming flow of
price-insensitive buy (sell) market orders.

3. The limit order survives in an unaltered form.

In this Appendix, we consider the case of a perpetual limit order. In other words, a limit order that is not subject to
cancelation by the limit order writer. Despite their perpetual nature, the presence of oncoming, price-insensitive order flow
will guarantee that the expected lifetime of any limit order will be finite. In particular, given our assumption about the arrival

rates of price-insensitive order flow, the expected lifetime of a limit order will be distributed exponentially, with a mean of
1
A (Q)°

Because the Q-share sell (buy) limit order confers a right to buy (sell) a block of shares onto the market participants at a
pre-specified price, it can be thought of as a perpetual call (put) option with a strike price, K, equal to the limit order price.
Although the option implicit in the limit order is perpetual, the presence of the oncoming order flow acts as a dividend on
the option, making early exercise optimal. Moreover, the memoryless property of the order fill process (i.e. order arrivals are
Poisson) preserves the time-stationarity of the perpetual option valuation problem, and makes the optimal early exercise rule
a barrier rule.

Let Fo,+ = @ - V; denote the fundamental value of the block of shares underlying a @-share limit order, and let the value of
the limit order itself be denoted by L(V;, @, K,t). Due to the possibility of order execution, the evolution of the option price
will be described by the following law of motion:

dL(Vi,Q. K1) = lim [r(t,t+ A1) (L(Visar, QK. 8) = LV, Q. K. 1)) +
+ (1=t t+ A1) - (0 - L(Vi, Q, K, 1)) ]

where 7(t, ¢+ At) denotes the probability that the limit order remains unexercised over an interval of length At. The first term
in the above equation reflects the evolution of the limit order value in the continuation region. The second term represents
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the loss in value due to the disappearance of the option as a results of its exercise by the oncoming, price-insensitive order
flow. Rearranging slightly, we obtain:

dL(‘/t?QaKat) = AI%IEO [L(%+At7Q7K7t)_L(PtanK,t)_(1_ﬂ-(t>t+At))'L(%+At7Q7K7t)]

L (dFye) + 5 Lrr - (dFp0)* — (N (Q)dr) - T (4)

where we have used subscripts to denote partial derivatives and dropped the notation that explicitly depicts the dependence
of L(-) on the underlying variables.

To derive the differential equation characterizing the evolution of the value of the @-share option we impose the no arbitrage
pricing condition:
Ed(A¢L)] = AtEdL] + LE:[dA:] + E¢[dA¢dL] =0
or equivalently:

dL A\, dA dL
Et[f} + Et[Tt] = —Et[Tt : T]

Substituting in the pricing kernel and the relevant SDE for dFg ¢ (from Ito’s Lemma) we obtain the following ODE:
1 i
L (rFou) + 5L (0Fq)” = (r+ X(Q)L =0 (5)

The ODE is immediately recognizable as an Euler equidimensional equation whose solution is given by a linear combination
of power functions:

L(Vi,Q K, t) = aoFys + an By,

where (ao, 1) are two constants of integration that will be determined from the boundary conditions. We use the superscript,
j, on the value of the limit order to indicate that the same functional form applies to sell and buy limit orders (j = S and
j = B, respectively). The value of a sell (buy) limit order will depend on the quantity-dependent arrival intensity, A\*(Q),
of buy (sell) market orders (i = B and i = S, respectively) through the power coefficient, ¢+(A\?). To solve for the power
coefficients, ¢+ ("), substitute the guess Fg’t into (5) to obtain a quadratic equation in ¢:

0_2

regt T 96— 1)~ (r+X(Q) =0 ©)

The power coefficients are given by the roots of this equation:

¢i(Ai>—(§—;)i\/(;—;)2+w ™)

A.1 Sell limit orders

To solve for the value of a perpetual sell limit order subject to cancelation at a rate AP (@), we first conjecture that it
will be optimal for the market maker to fill the limit order whenever fundamental value V; reaches V* (from below). We then
impose the following boundary conditions:

lim LY = 0

Vi 10

i ) _ (V* —
gm L = Q- (V7 - K)
-

wi e =1

The first conditions indicates that the call option becomes worthless as the value of the underlying tends to zero. The second
and third conditions, respectively, correspond to the value matching and smooth pasting conditions at the optimal exercise
threshold, V*. This yields a solution to the ODE (5) of the form:

B
QK (62071 v )9+ .
L(Vi, QK. t) = 33(F)—1 ( o1 (O\F) Kt) Vi<V (8)
Q- (V' —K) Vi> v

B
with the associated optimal barrier level, V* = (%) - K.
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A.2 Buy limit orders

A symmetric analysis is used to solve for the value of the a perpetual buy limit order subject to cancelation at a rate A*(Q).
Once again, wee first conjecture that it will be optimal for the market maker to fill the limit order whenever fundamental
value V; reaches V** (from above). We then impose the standard boundary conditions:

lim L = 0
ViToo
. (B) _ . R A
thllr‘;l** L = Q- (K-V"™)
: (B) _
thllan** Ly = 1
to obtain a solution of the form:
S
QK 4’—(/\5)—1 Vi ¢ (A7) ook
LP(Ve,Q K, t) ={ T=6_() ( _05) K Vi>V (9)
Q . (K _ V**) ‘[t S V**

S
The associated optimal barrier level is given by, V** = - (%) - K.

B Incorporating Regime Switching in Liquidity and Volatility

In this section, we consider the pricing of limit orders in a setting where the volatility of fundamental value and the
arrival intensities of price-insensitive order flow are regime-specific. We allow for two regimes - a low-liquidity regime, [, and
a high-liquidity regime, h - and assume that the regime-shifts occur according to a continuous-time Markov chain with the
following infinitesimal generator, E:

[

= { @ ] (10)

qdh —dh

Under these assumptions, the process sojourns in state i for a duration that is exponentially distributed with parameter, ¢;.!
Naturally, the joint-evolution of (V4,7), where 7 is the current liquidity state (¢ € (I, h)), continues to be Markov, suggesting
that the optimal exercise rule for the perpetual option will be a barrier rule, but with a state-dependent barrier.? In the
derivations that follow, we assume that o; > o, and \,(Q) > M\ (Q).

B.1 Sell limit orders

Let V}© and V;* denote the optimal exercise barriers in the high- and low-liquidity states, respectively. Given our assump-
tions about the relative magnitudes of the model parameters in the two states, and the fact that a payoff to the option is
bounded below by zero, we know that K < V;* < V;*. When V; > V;* the value of the sell limit order in both states, L)
and L") | is simply equal to Q - (V¢ — K) since immediate exercise is optimal. When V; < V; the state-dependent limit order
value satisfies the following system of equations:

1
L (rFo.) §L¥Lﬁs) (onFo.)* —rL™% = N1(Q)- (L™ = 0) +qn - (LT — L")
1
[%l,s) . (rFQ,t) 5 [g,g) . (Uz FQ,t)2 T[(z,s) )\F(Q) . (L(l,s) 0) a - ([(l,s) [<h,s))

and when Vi € [V}, V/*] the state-dependent value functions satisfy the following pair of PDEs:
1
L™ - (rFa) + 5L+ (@iFe)® =rL9 = AF(Q)- (L% —0) + g (19 = Q- (Vi - K)
L = Q- (V- K)

Our solution methodology follows the approach in Guo and Zhang (2004).

!The rate matrix yields the following infinitesimal description:

P(Y;H-dt = Z|Y't = Z) 1-— qidt + O(dt)
P(Yirae =jlYe =1) = qdt+o(dt) i#j

2A proof of the optimality of this exercise rule is provided by Theorem 3 in Guo and Zhang (2004).
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The characteristic function associated with the first set of PDEs is:

g1(B) - 92(8) = qn - @ (11)
where
#(6) = 4ot M@ (r-got) -5 gois?
#(0) = (rat @)~ (r-yot) 5 jote?

Guo (2001) shows that the characteristic function - a quartic polynomial - has four distinct roots, 81 < 2 < 0 < 83 < (4 such
that the general form of the solution to the system of PDEs is given by:

4 4
L™ =N~ A;Fy, and LYY =>"BFj, (12)
i=1 i=1
with B; = k; - A; and k; = k(8;) = %}Bi) = 5>t Since the functions L™ and L") should remain bounded as Fg; — 0
we can immediately exclude all the negative powers of Fg ., yielding:
LS = AsFQ) + AFG,
LS = ByFg, + BiFgl = ks AsFg), + kaAdFg),

The second equation is an inhomogenous equation whose solution can be written as the sum of the function solving the
corresponding homogenous PDE and a particular solution, vy (Fy+):

AP

B
L = PG + GoFG ) 4 n(Fy) (13)
where ¢+ (A7) are given by:
By (1 T 1 r\?  20r+aq+AB(Q))

009 = ; a?)i\/<2 )+ o

and the particular solution takes on the form:

a q

Vo) =|—— ) Fo:t— | ———————— | - QK 15
@0 = (o) o (rratore) "

In order to solve for (As, A4, C1,C2, V), Vi*), we apply value matching and smooth pasting conditions at the two exercise
thresholds, obtaining a system of six equations in six unknowns:

ksAs(Q- Vi)™ + kaAd(Q - Vi) = Q- (Vi — K)
BsksAs(Q - Vi) + BaksAs(Q - Vi) = Q- Vi
As(Q- Vi) + As(Q - Vi)™ = Cu(Q - Vi) ) + Ca(Q - V)P = O 4 (@ - Vi)
B3As(Q - Vi) + BiAs(Q - Vi) = ¢ (WP)C1(Q - Vi) + A0 4 6_(AP)Ca(Q - Vi)~ D) +(Q - Vi) - f(Q - Vi)
Q- Vi) D) 4 Co(Q - VM)A 1 (@ - Vi) = Q- (V7 — K)
b+ (AP)CL(Q - Vi) + D) £ 6 (AP)C2(Q - Vir)?- ) +(Q - V") Q- V") = Q-

yielding a state-dependent value function of the form:

AsF5P, + AuFY, Ve <V
B B
L4 = ¢ o FSEO 4 F T (R Ve < Vi< W (16)
Q- (Vi — K) iz V7
s _ [ BaFGh, +BaFgl, Ve <Vy (17)
Q-Vi-K) VizW

B.2 Buy limit orders

Let V'™ and V;™* denote the optimal exercise barriers in the high- and low-liquidity states, respectively. Given our
assumptions about the relative magnitudes of the model parameters in the two states and the fact that a payoff to the option
is bounded below by zero, we know that V;* < Vi < K. When V; < V;* the value of the sell limit order in both states, L5
and L(h‘B), is simply equal to Q- (K — V;) since immediate exercise is optimal. When V; > V' the state-dependent limit order
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value satisfies the following system of equations:

1
Livh’B) “(rFou) + ELg}B) (onFga)® —rL™® = A(Q) (L") —0) + g - (L™P) — LEP)
1
[%,B) . (TFQ,t) 5[%,;3) . (Uz FQ,t)2 T[(l,S) )\ZS(Q) . (L(Z,B) O) Q- ([(l,B) [(h,B))

and when V; € [V}*, V}'] the state-dependent value functions satisfy the following pair of PDEs:

1
LE - (rFa.) + 5L - (onFo.0)* —rL™ = AP (@)- (" —0) a (L Q- (K Vi)
LB = Q. (K-Vi)

Our solution methodology follows the approach in Guo and Zhang (2004).

The characteristic function associated with the first set of PDEs is:

91(8) - 92(B) = an - @ (18)
where
(6 = +anN(Q) - (v got) -0 Jois®
#(0) = (+at @)~ (r-got) -5 Jofs

Guo (2001) shows that the characteristic function - a quartic polynomial - has four distinct roots, 81 < 82 < 0 < 83 < (4 such
that the general form of the solution to the system of PDEs is given by:

4 4
h,B Bi 1,B Bi
L =N A, Ff, and LYP =3" BiF, (19)
=1 =1

with B; = k; - A; and k; = k(3;) = 222 = 7205~ Since the functions L™B) and LB should remain bounded as Fg,; — 0o

an
we can immediately exclude all the p(})sitive powers of Fg ;, yielding:
LM = AFG, + ARG
L® = Bng,lt + BQFg?t = klAng,lt + k2A2ng

The second equation is an inhomogenous equation whose solution can be written as the sum of the function solving the
corresponding homogenous PDE and a particular solution, vy (Fy¢):

S S
L8P = ST + GoF G+ (Fu) (20)
where ¢4 (\]) are given by:
s 1 r 1 r\° 20r4+aq+ A (Q))

=(z—-—= | =% - — — _ 21
00 = (3~ 73) \/(2 ) 2y

and the particular solution takes on the form:

a q1

Vo) =|————= ) QK — | —=— | - Fi 22
0= (@) o (aiea) o 22

In order to solve for (A1, A2, C1,C2, V'™, V;**) we apply value matching and smooth pasting conditions at the two exercise
thresholds obtaining a system of six equations in six unknowns:

k1 AL(Q - Vi) + ke As(Q - Vi) = Q- (K — Vi)
Brkr AL(Q - V)P + Boka Ao(Q - V)2 = —Q - Vi
AN(Q Vi) + As(Q - Vi) = CL(Q - Vi) D) 4 Co(Q - Vi) D) 1 (@ - Vi)
BLALQ - Vi)™t + B2 Aa(Q - Vi) = ¢ (AF)C1(Q - Vi )+ O 4 ¢ (AF)Ca(Q - Vi)~ D) 4+ (Q - Vi) - (@ - Vi)
CLQ - V)P O 1 Co(Q - V)= 4 (Q - Vi) = Q- (K — V™)
$+(AF)CL(Q - Vi )+ A0 4 6 (AF)Ca(Q - Vi)~ 4 (Q - V™) - (Q - V™) = —Q - Vi
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yielding a state-dependent value function of the form:

AFS, + AsFR, Vit <V,
S S
LU = 8 g 4 CFS O (B Vit < Vi < 1 (23)
Q- (K—-W) Vi<
pom [ BiUEG, +BaFg, Vi Vi (24)
Q (K-V) Vi<W~

C Finite Duration Limit Orders

The baseline model assumes that the trader submits limit order of infinite duration, in other words, the limit order writer
never cancels a submitted limit order. To examine the robustness of the model with respect to this assumption we examine
the pricing of limit orders with a finite maturity. To do so, we will assume that the limit order writer will cancel the order at
the N-th arrival time of a Poisson process with intensity, 7. Under this auxiliary assumption, the order cancelation time, 7,
will be Erlang distributed:

N

Prir edt} = ﬁt”le*mdt (25)

and the expectation and variance of the cancelation time, 7, will be given by:

N N
E[r] = — Var[r] = — (26)
n n
In order to ensure that the limit order is canceled at time, 7', with probability one, it is sufficient to set n = %7 and allow
N — oco. In this case, E[r] — T and Var[r] — 0. This mathematical device, known as the randomization of the expiry date,
was first introduced in the context of option valuation by Carr (1998).

Under the proposed order cancelation scheme, the value of a limit order will depend not only on the fundamental value of
the underlying, Fg,:, and the arrival intensity of the opposing, price-insensitive order flow, A*(Q), but also, on the number of
periods left to the termination of the option, n. Specifically, we assume that when the limit order is issued n = N, and the
limit order is canceled when n = 0, with the counter n decrementing at the jump times of the Poisson(n) variable. Given
these assumptions, the value of the limit order will be given by the solution to the following system of N ordinary differential
equations:

n 1 n n 1 n n n—
Ly (rFau) + 5 Lgp - (0Fg)* —r- L™ = X(Q) - (L™ —0) 47+ (L™ = LT7Y) for n=N...1 (27)
with L® =0 (i.e. the limit order becomes worthless upon cancelation). The terms on the left hand side of the equality

represent the evolution of the limit order value in the absence of jumps, while the terms on the right hand side represent the
probability weighted losses from order exercise by oncoming order flow and the elapsing of time (as measured by the jumps
in the Poisson(n) variable). To solve this system of ODEs we proceed by backwards recursion, starting with state n = 1. As
before, the limit order price, corresponding to the option strike price, is denoted by K.

C.1 Sell limit orders
C.1.1 Base case (n=1)
Setting n = 1 we immediately see that (27) specializes to:
1
L (rFa.s) + 5 Lgp - (0Fg)* = (r+n+A%(Q) - L =0 (28)

Given the time-homogeneity of the model, the optimal exercise rule for the option will be barrier rule, V,;_;. Using the
boundary conditions:

lim L&Y = 0

Vi l0

lim L&V = (V- K
i, Q- (W )
lim LY = 1
virvy T
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Following the solution methodology of Appendix A it is simple to show that the value of the @Q-share sell limit order is given
by:

B
(1,5) _ ok 6. —1 1 V) e (B .
L (‘/t7Q7K7t) ~ 6, (0B)—1 ) ( ;+(>\B) : QT) 'FQ,t Vi< ‘/1 (29)
LSV, Q, K 1) = Q- (Vizy — K) Vi >V

where Fg+ = Q - V; and:

537 = (;)+¢(;)+2<+’7“<Q>>

The optimal exercise threshold is given by:
B
sz( P+ (A7) )-K

d+(AP) —1
Intuitively, the above solution provides a description of the value and optimal early exercise rules for an limit order with an
exponentially distributed cancelation time. Because the limit order can be either canceled by the order writer or executed by
the oncoming order flow, its maturity date will have an exponential distribution with parameter n + A2 (®). Moreover, when
n =0, it is trivial to verify that the solution collapses to one corresponding to the perpetual limit order.

C.1.2 Recursive case (n > 1)

To solve the general option valuation problem it is necessary to first note that in any state n the agent will perceive two
possible continuation values, L("‘S>, depending on the prevailing value of the fundamental value, V;. If Vi > V74 ;, the agent
anticipates the exercise of the option in the state following the update of the Poisson(n) counter. Conversely, if V; < V71,
the agent will be made best off by leaving the option unexercised.® For an arbitrary state n the option value must satisfy the
following pair of PDEs:

n n n n n— * 30
LS (P 4+ AL - (0Fqu)? — - L9 = NP(Q)- (19 —0) - (L0~ 109) vy, Y

{ LG - (rFo.) + 3L - (0Fg.)* = L™ =AP(Q)- (L) —0) +5- (L™ —Q- (Vi = K)) Vi z Vi,
We first solve the case in which early exercise is optimal subsequent to a decrement in the Poisson(n) counter. Because
this ODE for, L), is non-homogenous in this region, a general solution will take the form of a linear combination of the
solution to the corresponding homogenous PDE and a particular solution satisfying the non-homogeneity (in this case given
by the last term):
LUV > Viy) = L) (Vi > Vi) + L3S (Ve > Vi)

hom

We begin by deriving a solution for the homogenous counterpart to the first PDE in (30):
n 1 n n
L - (rFa.) + 5L - (0Fa.)* = (r+n+A%(@Q)) - L™ = 0 (31)

Recognizing the equidimensional structure of the PDE it is immediate that the solution will be a linear combination of power
functions. Moreover, since the corresponding characteristic function is not dependent on the state, n, the exponents will be
given by ¢4 (A\?) and ¢_(AZ). The solution to this PDE is therefore:

B B
L) (Vi 2 Via) = a0 - FGE ) onn- B (32)

hom

A particular solution to the non-homogeneous PDE can be identified by inspection:

(n,S) N Ui . _ n .
0z Vi = (g ) For~ (o) 0% =

Now consider identifying the general form of the solution to the second PDE in (30). Depending on the structure of the value
function, L™~ %) this equation can either end up being homogeneous or not. To maintain the greatest level of generality we
will assume the latter and additionally guess that the general structure of L=15) will be of the following form:

k
LUL?LS) = Z Ei,nlegi,i — €0,n—1 " (QK) (34)

=1

3Because the option value is increasing in time, intuition suggests that the optimal exercise boundaries Vi + will be mono-
tonically increasing with Vg, = K.
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Under this auxiliary assumption, it is easy to verify that the particular solution to the second PDE in (30) will take the
following form:

k
LYV <Vil) =Y minFg, — mon - (QK) (35)
1=1
with:
_ n .
Ton = T-f—)\B(Q) - €0,n—1
Tim = — 1 “€in—1 t=1,.....k

5 - (r+(5if1)-ff;) —(r+AB(Q) +1)
Lastly, because the homogenous counterparts to the first and second PDEs in (30) are identical we immediately have:

B B
L(n,S)(‘/t < V;—l) = Boum - Fg,t()\ )+ﬂl,n . FS;()\ ) (36)

hom
Moreover, because limy, .o L5 = 0 we can immediately exclude the negative exponent, ¢— ()\B), by setting (1,» = 0.
To complete the derivation we apply the smooth pasting and value matching conditions between LS >(Vt > Vy_1) and

L(”’S)(Vt < Vy_y)at V;;_q, and between LSV, > V1) and Q - (Vi — K) at V,;. These four conditions will be used to pin
down the values of (a,n, @1,n, Bo,n, Vir). The two pairs of conditions are given by:

* B * B
Qo,n * (QVn_1)¢+<)\ ) +oin - Vn_1)¢_<)\ ) +

(ot ) @i - (g ) @ 6D

k
Bon - (QV:—l)m’(AB) + Z’]Ti,n(QV»:—l)éi — 7o, - (QK)

1=1

k
Bon - 6+ (W) - Q1)+ 13 G - (QVE)™ = a0 -6+ (AF) - (QVi )™ M) fann, - 6o (W) - (QVi1) PN 4

- (st ) - @ (39)

and:

aom - (QVIHO) Loy, QU0 4 (#> (QViy) — (A) QK = Q- (Vi —K) (39)

n+A(Q) r+n+A5(Q)
040,n'¢+(/\B)'(QV:)(M(/\B)+C¥1,n'¢>—(>\3)'(QVJ)¢7(AB)+(m)'(QV;) = Qvi (40)

C.2 Buy limit orders

The case of buy limit order subject to stochastic cancelation is largely symmetric to that of sell limit orders, so the
derivations are presented in a somewhat more compact manner.

C.2.1 Base case (n=1)

Setting n = 1 we immediately see that (27) specializes to:
1
L (rFo.) + 5 Lgp - (0Fq)* = (r+n+2°(Q) - LY =0 (41)

Given the time-homogeneity of the model, the optimal exercise rule for the option will be barrier rule, V;;%,. Using the
boundary conditions:

lim LY = 0

ViToo

lim L& = (K =V
v, Q- ( )
lim LY = 1
Velves OF
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Using the same solution methodology as in Appendix A it is simple to show that the value of the @-share sell limit order is
given by:

) K (A5 — é—(1%) s
womeny =i (e aw) (12)

where Fo; = Q- V; and:

As before, Fg ¢, represents the fundamental value of the underlying block of shares. The fundamental value at which it is
optimal to exercise the buy order early is given by:

. ¢-(3%)
Vi=|——7+"—) K
' (¢_(AS) -1
As for the case of the sell limit order, the above expressions provide a complete characterization of the value and optimal

exercise rules for a buy limit order which is subject to stochastic cancelation by the limit order writer at an instantaneous
rate of 7).

C.2.2 Recursive case (n > 1)

The system of PDEs describing the value of a buy limit order subject to cancelation at the N-th jump time of a Poisson
process with intensity 1, with n jumps to go, is essentially identical to (30). The sole modification concerns the ordering of
the optimal exercise thresholds, V,*, which will not be decreasing in n. The system of PDEs is given by:

LEP - (rFou) + 3Li” - (0F0.)* = L®) =2%(Q) - (L™ —0) 4y (LD = Q- (Vi = K)) Vi< Vi%y (g
L (rFou) + 5Ly - (0F)® = - L0 = 23(Q) - (L™ —0) - (L) — L1 Vo> v,
Proceeding as before the solution to the first, non-homogeneous equation will be given by:
S S
LB (Ve < Vi) = aon - Fot Yt ann - Fo Y + LB (Ve < Vi) (44)

Moreover, since limy;, o0 LB) = 0 it is immediate that the coefficient in front of the power function with exponent, ¢ (\B),
will have to be equal to zero. That is, for the buy limit order, ag,n, = 0. The form of the particular solution can be identified
by inspection to be:

(n,B) By U QK — U .
w0 %) = () o (i) o )

To solve the second PDE in the system, (43), we propose and verify a general form for the value continuation value, L=1.B),

k
LB — 1 (QK) + Zfi,n—ng,t (46)
i=1
Under this assumption, it is easy to verify that the particular solution to the second PDE will take the following form:

k
LD (Vi > ViZh) = mon - (QK) + > minFy, (47)
i=1
where 7o, and 7; , are given by the expressions derived in the section on the pricing of sell limit orders. Lastly, the homogenous
solution to the second PDE is given by:
n, sk S _(\S
LD (V> Vi) = Bom - Foi ™) 4 B - Fo (48)

hom
To complete the solution we apply the smooth-pasting and value-matching conditions at V,;*; and V;*. At V,;*; we require

that the values and first derivatives of L("‘B>(Vt > V*) and L("’B)(Vt < V;71) be equal. And at V,;* we require that the
values and first derivatives of L™5)(V, < V2*1) and Q - (K — V;) be equal. This yields a system of four equations for the four
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unknowns (a1,n, Bo,n, B1,n, Vi ). The two pairs of conditions are given by:
QU )= <$) QK — (#) (QVI) = W (QVE)PH O L3 ur)e- )
an, (Q l) + T+77+)\S(Q) Q 7}+)\S(Q) (Q 1) ﬂ07 (Q l) /81, (Q 1)

k
+mom - (QK) + > min(QVr1)™ (49)

i=1

an 0o QU 07 = () QU = B 0s () @V O

F Bun - (A5) - (QVT,)?- AT 4
k

+ 7o - (QK) + Y min(QViZ1)™ (50)
=1
and:
k
Bon - (QV )+ 4 B - (QV) =T o - (QK) + 3 min(QVi) = Q- (K — Vi) (51)
i=1
k
Bon - b+ (A%) - (QVr )+ 4 61 - (A5) - (QV )P 4 3 mindi - QY)Y = —QU (52)
i=1
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Figure 1: Quantity structure of immediacy prices. The cost of immediacy is computed as the fraction
of the value of the underlying asset which has to be forgone to induce the market maker to execute the limit

order instantaneously. The cost of immediacy is given by K]Tt‘/t It is plotted against the limit order quantity

assuming that the expected arrival time for a @-share order is given by ,\&(1) The graph is calculated as-

suming a 5% annualized riskless rate and an expected arrival time of one second for a single share (A*(1) = 1).
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Figure 2: Immediacy prices as a function of market liquidity. The figure depicts the percentage cost
of obtaining immediacy for a buy (sell) transaction - as a function of the order arrival rate of the price-
insensitive order flow. The x-axis plots the base 10 logarithm of the mean share interarrival time, which is
given by A(1)~1 (AB(1)7!) for sells (buys). The fundamental volatility, o, equals 15% or 35% per annum,
and the riskless rate is fixed at 5% per annum
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Figure 3: Immediacy prices during liquidity events. The figure depicts the percentage cost of obtaining
immediacy for a buy (sell) transaction - as a function of the demanded quantity - during a liquidity event.
We consider two possible liquidity event scenarios. In scenario 1, the intensity of sell (buy) arrivals, A%(-)
(AB(%)), increases (decreases) fivefold. In scenario 2, the change in the order arrival intensities is accompanied
by an increase in the fundamental volatility from 15% to 35%. In the baseline formulation, buy and sell
orders are assumed to arrive at a rate of one share per second; the riskless rate is fixed at 5%.
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Figure 4: Empirical calibration of \(Q) for Altria. This figure displays the empirically observed
mean waiting times for cumulative buy (sell) order flow to reach various quantities, Q. The plots are
generated using transaction level (TAQ) data from 2004 for Altria (ticker: MO). Each plot overlays the OLS
fitted relationship between the expected arrival time, A'(Q)~!, and the order quantity, @, under the simple
proportionality model, as well as the fitted relationship implied by the naive estimator of the order arrival
rate obtained by dividing total signed volume by total elapsed time. The left (right) panel corresponds to
the buy (sell) order flow arrivals; the top (bottom) panel is plotted in the natural (log) scale.
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Figure 5: Empirical quantity structure of immediacy prices. This figure displays the model im-
plied bid-ask schedules for four NYSE securities, calibrated to empirical data from 2004. The volatility
of fundamental value, o, is computed from the daily return series. The per second arrival rate for buys
(sells) is estimated from an OLS regression of mean order interarrival times on order quantity computed
using signed TAQ data. The four companies are Altria Group (ticker: MO), Corning (ticker: GLN), Har-
rahs Entertainment (ticker: HET'), and Hecla Mining (ticker: HL) . The table below the graph reports the
parameter estimates, share prices and the market capitalizations of the firms (in MM$). The remaining
columns tabulate the model implied percentage costs for a 1,000 share, 10,000 share, $10,000 and $1,000,000
buy transaction. The column Takeover reports the premium for acquiring all of the shares outstanding. The
interest rate in the calibration is fixed at 1.27% per annum, reflecting the average yield on a 30-day T-bill
in 2004. Price and market capitalization data are as of 2004 year-end.
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